Abstract: In a recent paper we have proposed the possibility that the lightest massive string states could be identified with open strings living at intersections of D-branes forming small angles. In this note, we reconsider the relevant twist-field correlation functions and perform the analysis of the sub-dominant physical poles in the various channels. Our derivation is new in that it is based on the algebraic procedure for the construction of open string models starting from their closedstring 'parents' rather than on the stress-tensor method. We also indicate possible generalizations and diverse applications of our approach.
Introduction
Historically, the first instance of a string amplitude is the Veneziano amplitude, describing the scattering of four 'would-be' pions but actually tachyons. Yet, thanks to the powerful constraints of conformal invariance and modular invariance in the perturbative regime, a systematic construction has been successfully achieved for closed-string theories much earlier than for open-string theories [1] [2] [3] [4] [5] . The systematic construction of theories with open unoriented strings was completed in the early 90's [6, 7] 1 . The advent of D-branes [8] triggered an enormous interest in the subject that led to the construction of exactly solvable models with D-branes and Ω-planes based on tori, orbifolds, free fermions, minimal models, group manifolds and Gepner models [6, 7, [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . Most of the attention has been devoted to the spectrum i.e. to the one-loop partition function.
Much less work has been devoted to the computation of scattering amplitudes in non-trivial settings based on genuinely interacting CFT's [12, 14, [16] [17] [18] [19] [20] [21] . The only prominent exceptions are twist field correlators on tori and orbifolds [22] [23] [24] [25] [26] [27] . As reviewed in [28] , twist fields are essential ingredients in the vertex operators for open string states living at brane intersections. However one should keep in mind that while closed-string twists are quantized (rational numbers k/n), intersection angles are not, since they depend on both discrete (wrappings) and continuous (moduli) parameter.
Aim of the present note is to derive open-string twist-field correlators using algebraic techniques, devised in [6, 7] and applied to minimal models [12] and later on to WZW models [16] , and complementing the 'stress tensor method' [22] [23] [24] [25] [26] [27] . In this approach one has to carefully decompose the 'parent' closed-string amplitude in conformal blocks and then take the 'square root' in each sector, thus producing chiral blocks evaluated at a real argument that are to be combined with appropriate coefficients. The latter are tightly constrained by 'planar duality' [12] and by correct factorization, i.e. correct normalization and positivity of the residues of the poles.
We consider correlators of four bosonic twist-fields with one or two independent angles, recalling the closed-string computation and then deriving the open string results. In order to take the relevant square-root, we need to rewrite the closed-string result as a sesqui-linear form in the conformal blocks. We comment on possible ambiguity and arbitrariness in the procedure. As mentioned before, open-string twist-field can be considered 'descendants' of closed-string ones only for rational intersection angles. Since rational form a dense set, one can safely extend the result to irrational values (in units of π) for the angles.
We conclude with preliminary considerations on how to generalize our approach to more sophisticated cases (such as WZW or Gepner models) that are not related in such a simple way as orbifolds to free CFT's.
General strategy
In the works of [22] [23] [24] [25] [26] [27] the authors compute open string correlators that contain multiple bosonic twist fields. In order to do so they extend the world-sheet, whose original domain is the upper half complex plane, via the "doubling trick" to the full complex plane and employ conformal field theory techniques that are related to the study of bosonic twist fields in the context of closed string theory on orbifolds [29, 30] .
Here we follow a different approach based on the systematic construction of open-string theories from their parent closed-string theories [6, 7] . This algebraic procedure has been mostly applied to the determination of the spectrum coded in the four contributions -torus, Klein-bottle, annulus and Möbius-strip -to the oneloop partition function. One notable extension of the systematic procedure is the computation of 4-point correlation functions of open strings at tree-level (disk) in minimal models that display the desired factorization properties and 'planar duality [12] . Later on this computation has been generalized to SU(2) WZW models [16] .
Quite remarkably both one-loop amplitudes and 4-point correlators at tree level depend on one 'invariant', which is complex for oriented closed strings and 'real' for open and unoriented strings. At one-loop one has the complex modular parameter τ for the torus, that becomes purely imaginary (τ = iτ 2 ) for Klein-bottle and Annulus and has a fixed real part (τ 1 = 1/2) for the Möbius-strip [6, 7, [9] [10] [11] . At tree level, one has the complex cross-ratio z = z 12 z 34 /z 13 z 24 for the sphere and a real cross ratio x = x 12 x 34 /x 13 x 24 for the upper half plane, topologically equivalent to a disk.
As we will momentarily see, the close similarity between tree-level 4-point correlators and one-loop partition functions is more than a mere analogy. Indeed, twistfield correlators on the sphere can be expressed as (fake) torus partition functions once an appropriate branched-cover of the sphere is considered that trivializes the monodromies.
Before entering the details of the twist-field correlators, let us describe our strategy [31] [32] [33] [34] . Generically a closed string correlator takes the form
where ∆ = h 1 + h 2 + h 3 + h 4 , ∆ = h 1 + h 2 + h 3 + h 4 and F i and F j denote the holomorphic and anti-holomorphic conformal blocks, respectively. The index i runs over the conformal families that appear in the s-channel i.e. in the OPE's of both Φ h 1 Φ h 2 and Φ h 3 Φ h 4 exposed in the limit z → 0. Clearly one can express the same amplitude in the t-or u-channels that give rise to different OPE's and thus different bases of conformal blocks. A defining property of the conformal blocks F i (z) is that, up to an overall factor z h−h 1 −h 2 , they admit an expansion in integer powers of z very much as one-loop characters χ h (w) admit an expansion in integer powers of w = exp(2πiτ ), up to an overall factor w h− 
where x is real. The coefficients a i are tightly constrained by planar duality [12, 16] and are adjusted in such a way that they give rise to the correct pole structures. For our purpose some specific limits correspond to the exchange of the identity sector or other untwisted states.
In the simple case of Z 2 twist-fields, the above procedure was essentially followed in [35] . For generic twists, the closed string bosonic correlator with one or two independent angles takes the form
where w(z) is a holomorphic function and p L and p R denote the closed string momenta
Note that k and v are two dimensional vectors in the dual lattice Λ * and the lattice Λ, respectively. Then the corresponding open string result will be given by
with p and q being integers and p 2 open denoting the open string mass. For a D1-brane wrapping a one-cycle on a two torus the mass is given by [36, 37] 
Here R 1 and R 2 are the radii of the two torus and L denotes the length of the brane the open string is attached to. The first term corresponds to the Kaluza-Klein states along the brane while the latter to the winding excitations along the perpendicular direction. Thus one of the tasks in our approach is to bring the closed string bosonic twist field correlator in the form of (2.3). Such an expression allows one then to make an ansatz for the open string correlator as laid out above. Given this ansatz one furthermore has to determine the coefficients c p,q by analyzing specific limits that correspond to the exchange of universal states like the gauge bosons (identity sector) or their excitations in the untwisted sector. Positivity of the residues of the poles in all channels puts severe constraints on the c p,q and guarantees 'planar duality' [12, 16] .
Bosonic twist field correlator with one independent angle
Generically the closed string correlator is determined via the energy momentum tensor method and given in Lagrangian form. As already mentioned before in order to extract the open string correlator from the closed string one one has to manipulate the closed string result in such a way that it reveals the form (2.3). Specifically that implies a Poissòn resummation in one of the lattice variables.
Closed string correlator
Using the energy-momentum tensor method the quantum part of the closed string bosonic twist field correlator with one independent angle has been shown to be [29] 
where 0 < θ < 1 is a rational number encoding the twist (k/n) and F (z) denotes the hypergeometric function
The action for the classical solutions is given by (here and in the following we set α ′ = 2 for the closed string computations)
where β = −ie −iπθ denotes a phase and τ (z) denotes the modulus of a "fake torus" introduced in [29] 
Here v 1 and v 2 denote vectors belonging to some coset of the lattice Λ.
Combining both results gives
where we used (3.4) to simplify the quantum part. This is the Lagrangian form of the correlator. In the following we will perform a Poissòn resummation over the variable v 2 to obtain the Hamiltonian form which is much more convenient to extract the corresponding open string result. After Poissòn resumming one ends up with a sum over momenta in the dual lattice Λ * , however since the sum over v 2 is only over a subset of the lattice Λ * we will substitute v 2 = −2 β −1 sin(πθ) (f 23 + q), where the summation over q is now over the entire lattice Λ. Poissòn resummation over q yields
where Λ c = (1 − θ)(f 21 + Λ) denotes the coset over which v runs, V Λ is the volume of the unit cell of the lattice Λ, and w(z) is given by
Note that the result (3.6) takes the form (2.3) that allows us to extract the open string result.
Open string correlator
Before we extract the open string correlator from the closed string one, let us briefly discuss such a correlator in the context of intersecting D-branes on a compactified six-torus
In this work we assume that all branes go through the origin of the respective two-tori, thus all Wilson lines vanish. Moreover, we further simplify the setup by assuming that both branes a and b wrap such one-cycles on the respective two-tori that they intersect exactly once. Our results can be easily generalized to the more generic case of arbitrary number of intersections and nonvanishing Wilson-lines. We refer the interested reader to [25-27, 38, 39] for more details. Figure 1 depicts the intersection of two D-branes labeled by a and b on one of the three two-tori. At the intersection there exists a massless fermion going from brane b to brane a, whose vertex operator contains the bosonic twist field σ θ , where θ denotes the intersection angle in one two torus. At the cost of being pedantic, contrary to the twist in the 'parent' closed string, θ is not quantized in the open-string case.
At the very same intersection there will be its antiparticle, a string going from brane a to brane b, whose vertex operator contains a anti-twist field σ 1−θ 2 . Even though in this work we only consider the twist field correlator and not the amplitude of four matter fields that would contain additional conformal fields, it is worthwile to notice that the non fixed twist field operator position x should remain in the interval [0, 1] since otherwise the Chan-Paton factors make the whole amplitude vanishing.
Finally, before we perform the steps laid out in section 2 to derive the open string correlator let us discuss our expectations for the two limits x → 0 and x → 1. In both limits we expect the exchange of untwisted string states, just as one observes in the closed string correlator. We will use gauge-boson exchange to normalize the correlator.
The result (3.6) is of the type that allows us to extract the open string correlator. Since the open string result should only depend on real parameters we expect w(x) to take the form
with t(x) given by (3.4)
In the last step we used the fact that F (x) = F (x) for 0 ≤ x ≤ 1. Concerning the quantum part one expects only the holomorphic part to survive. Finally the mass of the open strings in the untwisted sector is given by [36, 37] 
where R 1 , R 2 are the radii of the two-torus and L a is the length of the D-brane
with n a , m a being the wrapping numbers of the brane a on the two torus. Thus the open string result takes the form
with w(x) given in (3.8) . This ansatz has to satisfy various non-trivial constraints, that generalize 'planar duality', namely in the limit x → 0 as well as for x → 1 we expect an exchange of untwisted states. This condition also allows us to fix the constant C open . Let us start with the limit x → 0. In that limit t(x) behaves
(3.14)
Plugging in that limit one obtains
Let us turn to the x → 1 limit which also exhibits the exchange of untwisted states, corresponding to strings starting and ending on the brane b rather than on brane a. In order to determine this limit we perform a Poissòn resummation in the variables p and q and obtain
With the identification (recall that brane a and brane b intersect exactly once on the torus)
this further simplifies to
Comparing the limits (3.15) and (3.19) it is natural to assume that the normalization constant is given by C open = √ α ′ La . Let us now compare the derived open string expression to the ones in [22] [23] [24] [25] [26] [27] derived via the energy momentum tensor method after extending the world-sheet to the whole complex plane. The first thing to notice is that (3.12) is given in the Hamiltonian form while the correlator in [22] [23] [24] [25] [26] [27] is of Lagrangian type. Thus we have to Poissòn resum (3.12) over the variable p which gives
This is indeed the result obtained via employing conformal field theory techniques. We conclude that in this case there is no ambiguity in the choice of the coefficients of the linear combination of conformal blocks. Before we turn to the bosonic twist correlator with two independent angles let us determine the sub-dominant poles for the correlator (3.12) in the limit x → 0. This requires the knowledge of the behaviour of F (x) for small x, which is (see appendix A)
Given that the correlator (3.12) behaves in the limit
suggests the following OPE
Here the phase α indicates the arbitrariness in the definition of the conformal fields σ as well as ∂X and ∂X, and can be eliminated by an appropriate redefinition of the latter. One can easily extend this OPE to higher order poles which involve then conformal fields with larger conformal dimension.
Bosonic twist field correlator with two independent angles
Now we turn to the bosonic twist correlator with two independent angles. We follow the same procedure as above for the correlator with just one independent angle. We will manipulate the closed string result to obtain an expression of type (2.3) and extract from that the open string result.
Closed string correlator
Let us display the complete result, containing the quantum as well as the classical part, for the four twist field correlator with two independent angles determined in [30] 3 (again we set α ′ = 2)
with I(z,z) given by
where
and S cl is
Here the V ij are given by
3 See also [44, 45] .
In order to extract the open-string correlator from the closed-string one let us perform a Poissòn resummation, just as we did for the four bosonic twist correlator with just one independent angle. The substitution v 2 = 2ie −iπθ sin(πθ) (f 23 + q) yields to a summation over the lattice Λ
which allows us to perform Poissòn resummation. One obtains (note that here we omit the quantum part)
Some statements are in order. First of all note that v 1 → v. Moreover, in the last line the k and v are two-dimensional vectors rather than complex numbers. In addition one can verify the following, very useful relations
Finally, it is convenient to define the following quantities
They combine to the holomorphic (a priori far from obvious) quantity
which for the special case of equal angles, θ = ν, takes the form (3.4). With these identifications we can write the Poissòn resummed expression as (here we still omit the quantum part) Adding the quantum part (see eq. (4.1)) to (4.12) one obtains
. This is exactly the same as the complicated expression (4.1). Apart from the obviously much simpler form it is also of the type (2.3) that allows us to extract the open string result. Before we turn to this derivation we analyze the two interesting limits z → 0 and z → 1.
In the limit z → 0 we expect the exchange of untwisted states. In that limit w(z) behaves as
Here we used various relations and limits displayed in appendix A.
This gives the expected result which looks similar to the limits z → 0 and z → 1 for the closed string correlator with just one independent twist/angle [29] |z| −2θ(1−θ)
with the conformal weights h and h given by
In contrast in the limit z → 1 we expect the exchange of twisted states. Thus the closed string twist field correlator OPE's can be derived from taking the limit z → 1 of (4.1) where we ignore the classical part of the correlator. For z → 1 the quantum part of (4.1) behaves as
for ν > θ and
for θ > ν. Using the properties displayed in appendix A it is straightforward to show that hypergeometric functions behave as
which eventually gives rise to the limits (4.19) and (4.20) . Thus the OPE of two bosonic twist fields is given by
for ν > θ, and takes the form
for θ > ν. Here the coefficients are 27) where (4.24) and (4.26) are related to the quantum part of the physical Yukawa couplings determined in [30, 44] . The weights of the respective conformal fields are given by , w) , it is not surprising to obtain two different scenarios, depending on which angle is larger. One should interpret that OPE as an OPE between a twist field and an anti-twist field. Depending on the choice angles these two fields couple to a bosonic twist field or an bosonic anti-twist field. Similar arguments apply to the the sub-dominant couplings to the excited twist fields τ α (z, z) and τ α (z, z). That suggests that τ α (z, z) should be interpreted as τ + α (z, z), while τ α (z, z) should be interpreted as excited anti-twist field τ − β (z, z), with β = 1 − α. This is also exposes the analogy between the two fields, since they have now the same conformal dimension h τ
One can further extend the OPE's (4.24) and (4.26) by looking at higher order terms in the expansions (4.19) and (4.20) , respectively. One finds that the two bosonic twist fields couple to doubly excited twist fields as well. This can be generalized to the statement that they couple to N-times excited twist fields for any N.
As we will see momentarily this is in contrast to the open string, where one observes an even grading, namely the bosonic twist fields couple only to N-times excited twist fields where N is even.
Open string correlator
In contrast to the previously discussed case the setup here consists of three D-branes denoted by a, b and c. Again we assume a simplified setup in which all D-branes go through the origin and all three D-branes intersect each other once. Figure 2 depicts the above described setup for one of the three two-tori. The intersection angle between a and b is given by θ while between a and c it is ν. As for the correlator with just one independent angle only for the interval 0 ≤ x ≤ 1 the result is non-vanishing 5 . In contrast to the correlator with just one independent angle here only in the limit x → 0 we expect the exchanges of untwisted states. This limit allows us to normalize the correlator. On the other hand in the limit x → 1 one observes the exchange of twisted states. As for the closed string correlator this limit allows us then to determine the proper operator product expansion of two bosonic twist fields even beyond the dominant pole.
Following the same steps as for the four bosonic twist field correlator with just one independent angle we obtain for the correlator
with w(x) given by
Here we use the fact that G i (x) = G i (x) and H i (x) = H i (x) for 0 ≤ x ≤ 1. Note that, as expected, (4.31) reduces to (3.12) for θ = ν . Let us determine the constant C open which we of course expect to be √ α ′ /L a . Recall that we expect the following OPE 34) where the normalization factor √ α ′ /L a is crucial for consistency of the four bosonic twist field correlator with just one independent angle. In order to determine the constant C open we analyze the limit x → 0, which corresponds to the exchange of untwisted states. In that limit t(x) behaves like
with ln(δ) given by
That leads to the following expression for (4.31) in the limit
Thus comparing (4.37) for p = q = 0 with (4.34) we indeed get for the normalization constant C open = √ α ′ /L a . Eventually we are interested in the limit x → 1 that corresponds to the exchange of twisted states. In order to take the limit it is convenient to perform a Poissòn resummation over the variable p, such that both variables we sum over live in the lattice Λ. We obtain (taking already into account the normalization constant)
A comparison with the results obtained in [25] [26] [27] shows that both methods, the one using the doubling trick to extend the world-sheet to the complex plane and then using conformal field theory techniques and the other one in which one extracts the open string correlator directly from the closed string correlator, give the exactly same result. Once again we conclude that there are no ambiguity in the choice of the constants c p,q in this case either.
For the limit x → 1 one has to distinguish two different cases
This can be easily derived from
Thus for ν > θ we get (4.31)
The angles can be expressed in the following matter (recall that all the branes intersect exactly once)
Given (4.43) one obtains
which, with the redefinition of the summation variables (note that with this definition r 1 and r 2 are integers)
(4.46)
Analogously one obtains for θ > ν
.
(4.47)
Again r 1 and r 2 are positive integers. Note that the classical part is exactly twice the world-sheet instanton contribution to the Yukawa coupling arising from a two-torus determined in [26, 38] . Moreover, (4.46) and (4.47), quantum and classical part, agree with the results of [25, 26, 38] where the authors investigated Yukawa couplings in intersecting brane worlds.
As we saw for the closed string correlator, to extract the OPE between two bosonic twist fields it is sufficient to look at the quantum part of the correlator. For large volumes, namely in the limit R 1 , R 2 → ∞ the only contribution comes from ( p, q) = (0, 0) and the whole correlator reduces to the quantum part given by
which is exactly the quantum part computed in [25, 27] using the same conformal field theory techniques as for the closed string after extending the world-sheet to the whole complex plane via the doubling trick. We already showed above that the dominant pole gives the expected Yukawa couplings. Now we would like to take a look at the sub-dominant terms. Again we will start with ν > θ. Using (4.40) and (4.41) one gets
This implies that in the OPE between the two bosonic twist fields there is no coupling to the excited twist field τ but the first sub-dominant pole rather indicates a coupling to the doubly excited twist field ρ. Let us display the OPE explicitly (keep in mind one has to take the square root out of the different coefficients in front of the poles)
Analogously one obtains for θ > ν in the limit x → 1
which leads to the OPE
Note that in contrast to the closed string, two bosonic open twist fields σ α (w) and σ β (z) do not couple to the excited twist field τ α+β . Their first sub-dominant pole in the OPE indicates the coupling to the doubly excited twist field ρ and ρ respectively. This can be generalized by looking at higher order terms in the expansions (4.49) and (4.51) to the statement that the two bosonic twist fields do only couple to N-times excited twist fields, where N is an even number. The conformal dimensions of the fields σ α and ρ α and ρ α are
Analogously to the closed string result ρ α can be interpret as a doubly-excited antitwist field ρ − β with β = 1 − α. On the other hand ρ α is the doubly-excited twist field ρ − α . As for the closed string this exhibits the analogy of these two conformal fields due to their same conformal dimension h ρ
Summary
In this note we revisited the correlator of four open string bosonic twist-fields with one and two independent angles, respectively. In contrast to previous works we extracted the open string correlator directly from the closed string result. This way we provide a non-trivial check for the method advocated in [22, 23, 25, 26] where the authors extend the world-sheet, whose original domain is the upper half complex plane, via the "doubling trick" to the full complex plane and employ conformal field theory techniques. Given the four-point correlators, we investigated various limits that allowed us to extract the OPE's between two bosonic twist fields beyond the dominant terms. Interestingly one finds, in contrast to the closed string, that two bosonic twist fields do not couple to an excited twist field, but rather to a doubly excited twist field. This can be generalized to the statement that two open string bosonic twist fields couple only to N-times excited twist fields with N being an even positive integer.
Finally, we found an interesting identification between bosonic twist field and anti-twist field even for higher excited twist fields. This allows to compute the twist field correlator for just one combination of "twist" and "anti-twist" fields. Any other combination can be determined by the appropriate identifications.
Before concluding we would like to sketch how to generalize our discussion to genuinely interacting albeit rational CFT's. While in the case of twist-fields the number of block was actually infinite, in a RCFT the number of blocks is finite. Conformal blocks can be determined by means of null vectors and the resulting Ward identities. Explicit expressions are available for WZW models and for various minimal models. For RCFT the number of D-branes is at most equal to the number of characters. Given a parent closed-string model, specified by the choice of the oneloop modular invariant combination of characters, there may be many open string 'descendants'. By the same token, given a closed-string 4-point correlator we expect different open-string correlators, at least as many as open string descendants. In some simple cases, as minimal models (e.g. Ising model), only the simplest openstring descendant with real Chan-Paton charges was considered [12] to give 4-point amplitudes compatible with planar duality. Later on, based on the analysis of SU(2) WZW models [16] it was noticed that complex Chan-Paton factors were also allowed. It would be interesting to explore the problem of computing open-string correlator based on the knowledge of their parent closed-string correlators in WZW or even better in Gepner models. In the latter case only limited knowledge of chiral blocks is available at present, however. Given their relation to solvable compactifications on CY manifolds this is a rather sad state of affairs. 
A. Properties of hypergeometric functions
In this appendix we display various properties of hypergeometric functions that we will use throughout the paper.
The hypergeometric function is given by 
